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1. INTRODUCTION 
In this paper we examine the oscillatory and nonoscillatory behavior of 
solutions of linear functional differential equations of the form 
x(“)(t) + up(t) x(g(t)) = 0, u= fl, (1) 
where n > 2, p: [O, co) + R and g: (0, co) + R are continuous, p(t) > 0 and 
lim t-m &T(t) = 03. 
By a solution of Eq. (I) we mean a function x: [TX, oo) -+ R which 
satisfies (1) for all sufficiently large t and sup{]x(t)l: t > T} > 0 for any 
T> TX. Such a solution is called oscillatory if it has arbitrarily large zeros; 
otherwise it is called nonoscillatory. 
If x(t) is a nonoscillatory solution of (l), then ox(t) x(“)(t) < 0 for all 
sufficiently large t, and so by a lemma of Kiguradze [2] there exist an 
integer I E {O, l,..., n}, (-l)“-‘-I CT= 1, and a t, > 0 such that 
x(t) xCi)(t) > 0 on [t,,m) for O<i<l 
(-l)‘-’ x(t) x(i)(r) > 0 [t,,co) for f<i<n. (2) on 
A function satisfying (2) is said to be a (nonoscillatory) function of degree 1. 
We use the symbol N, to denote the totality of nonoscillatory solutions of 
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degree 1 of (1). If we denote by N the set of all nonoscillatory solutions of 
(l), then we have 
N=N,uN,u.-- UN, for n even, a=-1 
(3) 
N=N,uN,u--- UN,-, for n odd, u = 1 
and 
N=N,uN,u... UN,, for nodd, a=-1 (44 
N=N,UN3U-.. UN,-, for n even, u= 1. (4b) 
In the case where g(f) = t, that is, (1) is an ordinary differential equation, 
it is known that the classes N, and N, in (3), (4a) are not empty. Of 
particular interest, therefore, is the extreme case in which all other inter- 
mediate classes N,, 0 < I< n, are empty. We say that Eq. (1) is almost 
oscillatory if this situation holds for (l), that is, if (1) does not allow 
nonoscillatory solutions of degree 1 with 0 < 1 < n. Sufficient conditions for 
(1) to be almost oscillatory have been obtained by several authors, including 
canturija [ 11, Kiguradze [2], Koplatadze and canturija [3] and Lovelady 
[8-lo]. 
In this paper we are particularly interested in the situation in which the 
differential equation with a parameter 
x(“)(t) + dp(t) x(g(t)) = 0 (5) 
is almost oscillatory for all 1 > 0. This work was strongly motivated by the 
papers of Naito [ 121 and Kusano [4], in which are developed necessary and 
sufficient conditions that the solutions of this even order equation 
P’(t) + Ap(t) x(g(t)) = 0 
are oscillatory for all 1 > 0. 
We obtain first sufficient conditions and then necessary conditions for (1) 
to be almost oscillatory, and, finally, combine them to give, under suitable 
conditions on the deviating argument g(t), a characterization for the situation 
in which (5) is almost oscillatory for all L > 0. 
The following lemmas will be needed in proving our results: 
LEMMA 1 (MAHFOUD [ 11 I). Suppose there is a function G(t) such that 
G’(r) > 0, G(r) ,< mink(t), tl, G(t) + 0~) as t + 00. 
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Let G-‘(t) be the inverse function of G(f). If the ordinary differential 
equation 
z”(f) + P(G - ‘VI) G’(G-l(r)) ‘(‘)=O 
is oscillatory, then equation z”(t) +p(f) z(g(t)) = 0 is oscillatory. 
LEMMA 2 (KUSANO AND NAITO [7]). Let p(t) and g(t) be continuous 
functions on [0, co) such that p(t) > 0 and lim,,, g(t) = co. If there is a 
positive function v(t) of degree I, 0 < 1 < n, (-l)“-‘-’ o = 1, satisfying the 
inequality 
W”‘(t) + op(t) v(g(t))l < 0 
for all suflciently large t, then the equation 
vyt) + op(t) v(g(t)) = 0 
has an eventually positive solution of degree 1. 
LEMMA 3 (KUSANO AND NAITO [7]). Suppose there is a function H(t) 
such that H’(t) > 0, H(t) 2 max[g(t), t]. Let H-‘(t) be the inverse function 
of H(t). If the ordinary dt@erential equation 
w”(f) + P(H- ‘(t)) H’(H-l(t)) w(f) = ’ 
is a nonoscillatory, then the equation 
w”(t) + p(t) w(g(t)) = 0 
has a nonoscillatory solution. 
2. MAIN RESULTS 
THEOREM 1. Suppose all solutions of the equation 
u”W + K(g.0) - v- 2 p(t) u(g(t)) = 0 (T > 0 large) 
where 
(6) 
K=min ]( -I/)!,! 1 O<l<n,(-l)“-‘-‘a=1 I 
and g,(t) = min{ g(t), t) are oscillatory. Then Eq. (1) is almost oscillatory. 
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Proof: Suppose to the contrary that (1) has a nonoscillatory solution x(t) 
of degree 1, 0 ( 1 < n, (-l)n-‘-’ u = 1. Without loss of generality we may 
assume that x(t) > 0, and from (2) it follows 
x”‘(f) > 0 (0 < i < I) (7) 
and 
(-1)‘-’ x”‘(t) > 0 (f+l<i<n) 
for r > T, where T > t, is such that x( g(f)) > 0 for I > T. By Taylor series, 
we have 
n-l-1 
x”‘(t) = -T x(‘+j’(r) 
1 
,TO j! Q--Y+ (n-/-l)! .T. 
ff ((-g-l-’ x(n) ds 




+ (n-l-l)! ! 
(s - t)“-‘-I p(s) x(&s)) ds, 
t 
since (-l)“-‘-’ u = 1. Now using (7) and T< t < r, we obtain 
-K”‘(t) a n- I- I)! _, ’ j_’ (s-r)n-‘-‘p(s)x(g(s))ds. 
Letting r + 03, we obtain 
1 
x’r’w 2 (n _ I_ I)! J (s - t)“-‘- ’ p(s) x(g(s)) ds, 
t>T. (8) 
Integrating (8) yields 
x+‘)(f)>/x+l’(T)+ (n-;p l)! j;j;m (r-+-‘-‘p(r)x(g(r))drds 
= xcr-‘)(T) + (n _ :- l)r 1’ (jr (r - s)“-‘-’ ds) p(r)x(g(r)) dr 
- T T 
(r - s)“-‘-’ ds) p(r) x(g(r)) dr. (9) 
Using the inequality 
-I 
! T(r-s)n-‘-‘ds> & (t-T)(r-T)“-‘-I, T<t<r, 
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in (9) we get 
x(‘- “(f) > x(‘- “(T) + & -1: (r - 0” ml WI -Q(r)) dr 
+s!‘- (r-T)“-‘-‘p(r)x(g(r))dr, t>T. (10) 
. I 
Denote the right-hand side of (10) by v(f). As easily verified, r(t) is positive 
and satisfies the equation 
1 
Y”W + (n _ I)! - (t - T)“-‘-’ p(t)x(g(t)) = 0. t > T. (11) 
It can be shown (also see [2]) that a positive function x(f) of degree I, 
0 < 1 < n, satisfies the inequality x(f) > (t - q’-’ x(‘-“(t)//! for t > T. It 
follows that 
x(&J) > (llW(gW - T)‘-’ x”-%(t)) 
2 W)(g,W - T)‘- ’ y(g(f)) 
for all large t. Combining (11) and (12) yields 
(12) 
Y”(l) + m*(t) - v-2 p(t) JfgW) < 09 
holding for all large t. Applying now Lemma 2 with n = 2, c = 1. we 
conclude that Eq. (6) has a positive (that is, a nonoscillatory) solution. But 
this contradicts the hypothesis of the theorem, and the proof is complete. 
According to Lemma 1, Eq. (6) is ocillatory if the ordinary differential 
equation 
v,,(t) + GQG-'(t)) - V-2~W'(N 
G'(G-'(t) 
u(t) = 0 (13) 
is oscillatory. If we apply the well-known oscillation critaria of Fite and 
Hille to (13), we have the following 
THEOREM 2. Suppose there exists G(t) such that G’(f) > 0, G(t) < 
min{ g(t), t), G(t) + 00 as t + co. Let g*(t) = mini g(t), t). Then 
(i) Eq. (1) is almost oscillatory if 
f= [g*(s)]“-2 p(s) ds = CO. (14) 
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or if 
(ii) Suppose (14) fails to hold. Equation (1) is almost oscillatory if 
lim sup G(t) jrn [g,(s)]“-* p(s) ds > f 
t-rco t 




We now look for sufficient conditions under which Eq. (1) is not almost 
oscillatory, that is, (1) has a nonoscillatory solution of degree I, 0 < 1 < n. 
THEOREM 3. Suppose there exists an integer 1, 0 < 1~ n, (- 1 )“-‘- ’ u = 
1, such that the equation 
(g”(t) - v-* 
u”(t) + (I _ l)! (n _ / _ l)! p(t) u(g(t)) = 0 (T> 0 large) (17) 
where g*(t) = max{ g(t), t) has a nonoscillatory solution. Then Eq. (1) has a 
nonoscillatory solution of degree 1. 
Proof. Let u(t) be a positive nonoscillatory solution of (17) for t > T. 
Integrating (17) from t to co and noting u’(t) > 0, we get 
O” (g*(s)- T)“-2 p(s) u(g(s)) ds 
(f- l)! (n-f- l)! 9 t>, T, 
whence it follows that 
Define the function u(t) by 
k*@) - ‘)‘-I @--‘I”-‘-’ p(r) u(g(r)) dr ds (19) 
(I- l)! (n-l-l)! 
for t > T. From (18) and (19) we easily see that 
u(t) < @ - V’ u(t) 
(I- l)! ’ 
t> T. 
It is also easy to see that u(t) is of degree I and satisfies 
--av’“‘(t) = (g*(t) - 7-F’ 
(I - l)! p(t) u(g(t)), t> T. 
(20) 
(21) 
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From (20) and (2 1) it follows that 
--ar’“‘(t) > (s(t) - W’ 
’ (I- l)! P(l) u(&)) >P(f) at)) 
o{v'"'(r) + up(t) v(g(t))t < 0 (22) 
for all large t. Applying Lemma 2, we conclude that Eq. (1) has a positive 
solution of degree 1. This completes the proof. 
It follows from Lemma 3 that (17) has a nonoscillatory solution if the 
ordinary differential equation 
v,,(t) + (g*W’W) - T)“-2 w-w u(r) = o 
(I- l)! (n - I- l)! H’(HP(t)) (23) 
is nonoscillatory. Hille’s nonoscillation criterion applied to (23) says that 
(17) or (23) is nonoscillatory if 
limsup H(t) [m(g*(s))n-2p(s) ds < 
(I- I)! (n-Z-- l)! 
t-m (24) ‘I 4 
Thus we have proved the following. 
THEOREM 4. Suppose that there exists a function H(f) such [hat 
H’(t) > 0, H(r) > max( g(f), t). Put g*(t) = max( g(t), t). Zf (24) holds for 
some 1, 0 < I < n, (- 1 )n-‘- ’ u = 1, then Eq. ( 1) has a nonoscillatory solution 
of degree 1. 
We now state and prove the main result of this paper. 
THEOREM 5. Suppose that 
g(t) &TO) 0 < lim inf t < lim sup I < cc. 
t-cc ,-CC (25) 
Then Eq. (5) is almost oscillatory for all ,I > 0 if and only if 
J 
.oc 
lim sup f s 
t-m 
“-‘p(s) ds = co. (26) 
t 
and Eq. (5) has nonoscillatory solutions of degrees 1, 0 < I< n, 
(-l)n-'-' (T = 1 for all ,I > 0 if and only if 
lim t iLc s”-‘p(s) ds = 0. 
t-rm -t (27) 
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Proof. Because of (25) there are positive constants c, < 1 and c2 > 1 
such that c, t < g(t) < C,C for all sufficiently large t. Therefore we can take 
G(t)=c,t<g*(t) and H(t)=c,t>g*(t). 
If (26) holds, then clearly 
lim s,up G(t) Ia. (g,(s))“-’ @p(s)) ds = co for all A > 0, 
-I 
so that by Theorem 2 Eq. (5) is almost oscillatory for all A > 0. 
Conversely, suppose (5) is almost oscillatory for all A > 0. If 
Ja’ F2 p(s) ds = co, then (26) is trivial. If I” s”-‘p(s) ds < co, then since 
(5) is almost oscillatory for any A. > 0, it follows from Theorem 4 that 
lim sup H(t) f”) (g*(s))“-’ (@(s)) ds > 
(l-l)! (n-l- l)! 
f-r*- -I 4 
for all A > 0 and all 1, 0 < 1 < n, (-l)‘-‘-I u = 1. But this is possible only if 
(26) is satisfied. 
To prove the second part suppose (27) holds. Then 
lim sup H(t) [ui (g*(s))“-* (Ap(s)) ds = 0 < 
(I- l)! (n-f- l)! 
t-00 -t 4 
for all A > 0 and all 1, 0 < I < n, (-1)+-l u = 1, so that by Theorem 4 
Eq. (5) possesses nonoscillatory solutions of degrees /, 0 < I < n, 
(-1)~~‘-1 (T = 1. 
Conversely, if (5) has a nonoscillatory solution of degree I, 0 < I < n, 
(-l)n-‘-’ o = 1, for any 1 > 0, then by Theorem 2 we deduce that 
lim sup G(t) fa (g,(s))“-’ (Q(s)) ds < + 
f-cc ‘I 
for all A > 0. But this can be satisfied only when (27) holds. This finishes the 
proof of Theorem 5. 
EXAMPLE. Consider the equations 
x’“‘(t) f At”x(t + 7)= 0, (28) 
x(“‘(t) f k”x(yt) = 0, (29) 
x’“‘(t) f Wx(t + sin t) = 0, (30) 
where a, y, A and 7 are constants with y > 0 and A > 0. Equation (28) is 
retarded or advanced according as 7 < 0 or t > 0; (29) is retarded or 
advanced according as y < 1 or y > 1; (30) is an equation with deviating 
340 DAHIYA. KUSANO. AND NAITO 
argument of mixed type. All the deviating arguments in these equations 
satisfy condition (25), and so by Theorem 5 they are almost oscillatory for 
all 1 > 0 if and only if u > -n, and they have nonoscillatory solutions of 
degrees I, 0 < 1 < n, (-l)“-” u = 1, for all 1 > 0 if and only if (r < --n. 
Remark. As mentioned in the Introduction, if g(f) = t, then N, # 0 and 
N, # 0 in (3) and (4a). Several authors observed that it may happen that N,, 
or N, or both are empty, and more strongly that all N,, 0 < I ,< n, disappear 
if g(t) & I and the deviation 1 t - g(t)1 is sufficiently large. For example. 
Kusano [6] has shown that the equation 
x(“)(t) -px(r + sin t) = 0 
is oscillatory regardless of the parity of n provided p > 0 is sufficiently large. 
For related results the reader is referred to Koplatadze and Canturija [3] and 
Kusano [5]. 
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